We test the validity of Isaacson's formula which states that high frequency and low amplitude gravitational waves behave as a radiation fluid on average. For this purpose, we numerically construct a solution of the vacuum Einstein equations which contains nonlinear standing gravitational waves. The solution is constructed in a cubic box with periodic boundary conditions. The time evolution is solved in a gauge in which the trace of the extrinsic curvature K of the time slice becomes spatially uniform. Then, the Hubble expansion rate H is defined by H = −K/3 and compared with the effective scale factor L defined by the proper volume, area and length of the cubic box. We find that, even when the wave length of the gravitational waves is comparable to the Hubble scale, the deviation from Isaacson's formula H ∝ L −2 is at most 3% without taking a temporal average and is below 0.1% with a temporal average.
Introduction
The global aspect of our universe is well described by a homogeneous and isotropic FLRW(Friedmann-Lemaître-Robertson-Walker) metric. The homogeneity over the scale of 100Mpc is well established by many observations. At the same time, local inhomogeneity of our universe provides us a lot of information. One of the classical issue involved with the inhomogeneity is the so called backreaction problem(see e.g. [1] [2] [3] [4] ). Evaluation of the backreaction due to the local inhomogeneity on the global expansion law has been attracted much attention because large backreaction may cause significant systematic error for evaluation of the energy components of our universe.
One typical example of treating the backreaction is Isaacson's formula [5, 6] . For gravitational waves with high frequency and low amplitude, Isaacson's formula provides the coarse-grained effective energy momentum tensor which satisfies the traceless condition. Since the energy momentum tensor which is compatible with the homogeneity and isotropy is given by the perfect fluid form, Isaacson's formula states that the high frequency and low amplitude gravitational waves behave like a radiation fluid on average (see Appendix B). Therefore, for a spatially flat FLRW universe with short wavelength gravitational waves, the relation between the Hubble parameter H and the scale factor a is expected to be H ∝ a −2 . The aim of this paper is to test the validity of Isaacson's formula beyond the high frequency and low amplitude approximation. For the purpose, we consider the inhomogeneous universe which only contains the gravitational waves and calculate the time evolution of this universe. Because this universe is assumed to have no symmetry, it is inevitable to rely on a numerical computation to obtain its dynamics and we apply numerical relativity to tackle this problem. Over the past 20 years, numerical relativity has been extensively developed mainly for isolated systems. Recently, several authors applied the numerical relativity to the expanding or contracting universe models with aligned black holes and discussed the backreaction problem [7] [8] [9] [10] .
In this paper, we investigate the validity of Isaacson's formula by solving the full Einstein equations with the use of numerical relativity. First, we construct the initial data which contains nonlinear gravitational waves by solving constraint equations of vacuum Einstein equations. This initial data is prepared in a cubic box with periodic boundary conditions between each pair of opposite faces of the box and corresponds to standing wave modes in the linear approximation. Concerning the time evolution, the backreaction effect of gravitational waves causes expansion or contraction of this universe. We use the gauge condition in which the trace of the extrinsic curvature K is spatially uniform. Then, the Hubble parameter is defined by H = −K/3. We introduce the effective scale factors L from the proper volume, proper area, and proper length of this box. Isaacson's formula states that time evolution of this system is same as the universe with the radiation fluid in the short wavelength region and the Hubble parameter and the effective scale factors obey the relation
where b is a constant. We evaluate the relation between the Hubble parameter H and the effective scale factor L in the numerically generated inhomogeneous universe and test the validity of this formula. This paper is organized as follows. In Sec. 2, the initial data are constructed by solving constraint equations of the vacuum Einstein equations. We describe the time evolution of our model in Sec. 3 and the relation between the Hubble parameter H and the effective scale factor L is investigated. Furthermore, we report dependence of the initial amplitude on the dynamics in superhorizon scale and the effect of temporal average of the volume. Sec. 4 is devoted to a summary and discussion. We use units in which c = G = 1 throughout this paper.
2 Set up of initial data
Construction of initial data
As is mentioned in the introduction, we numerically construct a solution of the vacuum Einstein equations, which contains nonlinear standing gravitational waves in the cubic box with periodic boundary conditions. Naively thinking, since the gravitational waves have a positive energy, it causes the gravitational attractive force, so this system is unstable. Actually, as we will see later, this universe inevitably expands or contracts. In this section, we describe how to construct the initial data.
The initial data set is generated by solving the following Hamiltonian and momentum constraints:
where R is the scalar curvature of 3-metric γ ij , K ij is the extrinsic curvature, K = γ ij K ij , and D i is the covariant derivative associated with γ ij . For convenience, γ ij and K ij are decomposed into the conformal factor Ψ, conformal 3-metricγ ij , and conformal traceless part of the extrinsic curvatureÃ ij as follows:
Using these variables, the Hamiltonian constraint and the momentum constraints are written as
whereD i andR are the covariant derivative and the scalar curvature associated withγ ij , respectively. In order to construct the initial data, we solve these constraints with appropriate ansatzes. We assume that K is spatially constant andÃ ij = 0. These assumptions make momentum constraints trivial. Furthermore, the Hamiltonian constraint is reduced toD
We also assume that the conformal metric has the following form:
where
), (i = x, y, z) [11] . A constant ω 0 specifies the coordinate wave number of the gravitational waves and φ (i) is the phase of the gravitational waves. As we will see later, in the linear approximation, these ansatzes lead to a solution for standing gravitational waves with the amplitude A (i) . In this paper, for simplicity, we assume
By this assumption, three spatial axes are equivalent to each other. We consider periodic boundary conditions for each pair of opposite faces of the numerical box. The coordinate length of the edge of the box is set to be λ 0 = 2π/ω 0 .
1 Under this boundary condition, without loss of generality, we can set
By integrating the Hamiltonian constraint over the box, we obtain
where the first term in Eq. (7) has been reduced to the boundary integral and eliminated due to the periodic boundary conditions. Since the trace part of the extrinsic curvature gives the volume contraction rate, our solution describes expanding or contracting universe corresponding to negative or positive value of the extrinsic curvature, respectively. Hamiltonian constraint (7) is invariant under the following scaling with a constant C:
This ambiguity corresponds to a choice of the unit of the scale. In this paper, the normalization is fixed by
With the conditions (11) and (13), Eq. (7) is numerically integrated by using the successive over-relaxation (SOR) method. We show that our initial data contains gravitational waves in the linear approximation A ≪ 1. It is worthwhile to note that, sinceR = O(A 2 ), we obtain K = O(A) from Eq. (11) and Ψ = 1 + O(A 2 ) from the Hamiltonian constraint (7) . In this approximation, the conformal metric becomes
and the fluctuation partγ ij − δ ij satisfies the transverse traceless condition. Furthermore, for β = 0, as the equation of motion ofγ ij is ∂ ∂tγ ij = −2αÃ ij , A ij = 0 means ∂ ∂tγ ij = 0. Hence, the linearized form of our initial dataγ ij corresponds to the standing gravitational waves at the moment of maximum amplitude.
Remaning parameter A corresponds to the initial amplitude of gravitational waves in the linear regime. In the short wavelength, the linear gravitational waves have only oscillatory modes and their amplitude decreases (increases) with expansion (contraction) of the universe. On the other hand, for the super horizon wavelength, the two modes of the gravitational waves correspond to the decaying mode and the growing mode. The ratio between these two modes is fixed by the phase of the gravitational waves at the horizon crossing. In our initial data, the phase of the gravitational standing waves is fixed so that the waves have the maximum amplitude at the initial time and the change of the value A causes the change of the initial Hubble scale. Therefore the phase at the horizon crossing depends on A and the behavior of the gravitational waves in the long wavelength regime also depends on the initial amplitude A. We use initial data with A = 0.07, 0.08, 0.09, 0.1, 0.11 and analyze the behavior of the metric both in the short wavelength region and long wavelength region.
Time evolution
To simulate the time evolution, we use the COSMOS code by appropriately modifying it for our purpose. The COSMOS code is an Einstein equation solver written in C++ by means of BSSN formalism [12, 13] . The algorithm of this code is similar to the SACRA code [14] . The COSMOS code has been used in papers [10, 15] . In the original code, the 4-th order finite differencing in space with uni-grid and the 4th order time integration with Runge-Kutta method in Cartesian coordinates are adopted. In this paper, we adopt the 2nd order central differencing in space and the leapfrog method with a time filtering for time integration. Because of the time reversal of the Einstein equation, the time evolution is simulated not only for the expanding universe with K < 0, but also for the contracting direction from the same initial data with K > 0. Our simulation has been terminated when the violation of the Hamiltonian constraint exceeds 1%.
Gauge condition
Before performing the time integration, we need to fix the gauge conditions for the lapse function α and the shift vector β i . In regard to the shift vector, we set β i = 0 for simplicity. As for the lapse function, we use the "uniform K gauge" condition which keeps spatially uniform K on each time slice. Let us derive the equation for the lapse function with the uniform K gauge. The time evolution equation of K is given by
The uniform K gauge condition implies that the left hand side in this equation is spatially constant. Integrating this equation over the box, the time derivative of K is obtained by
where the first term in the right hand side of Eq. (15) vanishes by virtue of Gauss's theorem and the periodic boundary conditions. At every time step, we solve Eq. (15) by the SOR method to determined α.
Physical quantities
In order to test Isaacson's formula (1), we investigate the relation between the effective Hubble parameter and the effective scale factor. Since our model is inhomogeneous, there is no unique definition of the Hubble parameter and the scale factor. Nevertheless, by virtue of the uniform K gauge condition, the Hubble parameter can be naturally defined as
This definition coincides with the standard definition of H for the homogeneous and isotropic universe model. One of the simplest definition of the scale factor is defined from the proper volume of the box:
We can also define other effective scale factors from the edge proper length and the surface proper area. These definitions are used in the several previous works [7, 8, 10, [15] [16] [17] . The effective scale factors from the proper length and the proper area are
Since L L and L A depend on x, y, z, we pick up the several characteristic positions as shown in Fig. 1 .
, which are labeled as 0-8 lines, respectively. In order to compare our numerical results with Isaacson's formula (1) in a precise sense, we must take not only spatial average but also temporal average. We consider the spatial average is taken by the definition of effective scale factors (18)-(20). However, for temporal average, we do not have any appropriate scale for the average, since our model has no exact periodicity along the time direction. One possible way for the temporal average is proposed and discussed in the Sec.4.3.
We evaluate the difference between the effective scale factor from our numerical result and that of Isaacson's formula as a function of the Hubble parameter. The deviation is evaluated by
Isaacson's formula (1) and the coefficient b is determined by the least squares fitting of our numerical result in the region L V < λ 0 , which is attained by time evolution along the expanding temporal direction.
Convergence check
Let us consider the value of δ V as a function of the grid spacing ∆. Since our numerical code has the second order accuracy, δ V (∆) and its true value δ Vtrue ≡ δ V (0) are supposed to have the relation
where a coefficient d is determined by numerical results. Using the two data sets taken with ∆ = ∆ 1 and ∆ 2 , δ Vtrue and d can be obtained as
For ∆ 1 = λ 0 /120 and ∆ 2 = λ 0 /100, we calculate the value of d and δ Vtrue . The value of convergence (δ V (∆) − δ Vtrue )/d is compared with ∆ 2 for each value of ∆ in Fig. 2 . We can clearly confirm that the second order convergence is achieved from Fig. 2 . In the following, we use the numerical result with ∆ = λ 0 /120. initial time e x p a n d in g c o n tr a c ti n g initial time e x p a n d in g c o n tr a c ti n g As is shown in Fig. 4 , L A0 (H) also oscillates in a similar way as L V (H). The maximum value of the deviation from Isaacson's formula around H ∼ H 1.0 is about 4%, which is slightly larger than that of
The relation L L (H) depends on the line position and can be classified into six types (Fig. 5) . The behavior of L L8 (H) and δ L8 (H) is similar to the behavior of L L0 (H) and δ L0 (H). Furthermore, the behavior of δ L1 (H) and δ L3 (H) are almost same as δ L5 (H) and δ L7 (H) respectively, and the behaviors δ L2 (H) and δ L6 (H) have opposite phase to each other. Fig. 5 shows the value max(|δ L0 | : H ∼ H 1.0 ) = 15% and max(|δ L4 | : H ∼ H 1.0 ) = 3%. On the other hand, max(|δ L2 | : H ∼ H 1.0 ) = 40% and max(|δ L6 | : H ∼ H 1.0 ) = 60%, which are the maximum in any δ L (H ∼ H 1.0 ).
In order to understand these behaviors and make the position dependence of proper length clear, we consider our model with the linear approximation. As is mentioned in the Sec. 2, our model corresponds to the linear standing gravitational waves. Since all lines are parallel to z-axis, only γ zz can contribute to the values of proper lengths among components of the conformal metric. For the standing gravitational waves, the time evolution of γ zz is given by following form (see from appendix B)
where φ is a constant determined by the condition , 0) oscillate with amplitude 2A. Thus, in our model, the position dependence of the effective scale factor L comes from the difference of the amplitude of gravitational waves on each line, which is affected by the constructive interference of two oscillation modes h (1) and h (2) (see Eq. (14)). This result implies that, when we use a proper length as the effective scale factor, position dependence must be carefully treated.
The dependence of the initial amplitude A
As is mentioned in the previous section, for the long wavelength (L > 1/H), gravitational waves are superposition of the decaying mode and the growing mode and their ratio depends on the phase of gravitational waves at the horizon crossing. Due to this phase dependence, the behavior of gravitational initial time e x p a n d in g c o n tr a c ti n g initial time e x p a n d in g c o n tr a c ti n g initial time e x p a n d in g c o n tr a c ti n g initial time e x p a n d in g c o n tr a c ti n g waves depends on A after the horizon crossing. In order to see this dependence, we focus on the time evolution of the Fourier component of γ xx with the wave number k = (2πn x /λ 0 , 2πn y /λ 0 , 2πn z /λ 0 ):
For k 0 ≡ (0, 0, 2π/λ 0 ), the initial value of γ xx (t, k 0 ) is given by
On the flat FLRW metric background, we can analytically calculate the behavior of linear gravitational waves. The metric can be expressed as follows:
where a(t) is the scale factor of the background universe and h ij (t, x) is the transverse traceless tensor of gravitational waves in the linear approximation. The evolution equation for a Fourier mode h ij (t, k) of h ij (t, x) is given by (see Appendix B)
Behavior of h ij (t, k 0 ) for the short wavelength k 0 > aH can be approximated by the WKB form as follows:
where we have used the normalization a| t=0 = 1. Let us assume that the time evolution of the background metric is given by that of radiation dominated universe,
where b = b V and a = L V /λ 0 . From Eq. (33), the time evolution of the Fourier component is given by
where we have set a 2 h xx | t=0 = γ xx | t=0 up to the leading order and φ is the integration constant.
We want to evaluate the deviation between γ xx (t, k 0 ) and a(t) 2 h xx (t, k 0 ). Since we have used the WKB and the linear approximation to derive the expression (35), when one of these approximations is violated, a(t) 2 h xx (t, k 0 ) deviates from γ xx (t, k 0 ). In our setting, this deviation may happen around the horizon crossing. After the horizon crossing even in linear regime, the "decaying mode" (for expanding universe) is enhanced and the deviation of our numerical solution from the linear WKB solution is expected. This deviation due to the decaying mode depends on the value of A.
We introduce the deviation δ(t) as follows
The evolution of γ xx (t, k 0 )/a(t), a(t)h xx (t, k 0 ) and δ(t) are shown in Fig. 6 for A = 0.1, A = 0.11 and A = 0.09. Around the horizon crossing, the behavior of δ(t) depends on the value of A. So, one may expect that the deviation from Isaacson's formula depends on A. Although the WKB approximation is violated around the horizon crossing, the values of δ V and δ A do not depend so much on the value of A. On the other hand, we can see significant dependence of A on δ L . In particular, on the line 2 and 6, which correspond to antinode of the standing waves, this dependence is large (for example, for A = 0.07, 0.08, 0.09, 0.1, 0.11, max(|δ L2 (H ∼ 1/L V )|) is 60%, 40%, 60%, 30%, and 40%, respectively).
Temporal average
As is mentioned in Sec. 3.2, to compare our results with the original Isaacson's formula, it is necessary to consider not only spatial average but also temporal one. The necessity of the temporal average is also explicitly shown in Appendix B for Isaacson's formula in the FLRW universe. However, because of the lack of the temporal periodicity, the temporal averaging is fairly ambiguous in the present case. We consider the following temporal averaging: where η = t dt/a is the conformal time. We note that the comoving wavelength of the linear gravitational waves is λ 0 . For simplicity, we use the scale factor of the radiation dominated universe a = √ 2bt + 1 2 as the scale factor in the definition of η, where b is given by fitting √ 2bt + 1 to L V /λ 0 in the region L V /λ 0 = [0.8, 1.0]. Thus, the conformal time is rewritten as the following form:
is depicted as a function of η in Fig. 7 . The value ofδ V does not converge within our numerical precision because theδ V depends on ∆. Nevertheless, from this figure, it is suggested that the deviationδ V is at most ∼ 0.1%.
Summary and discussion
In this paper, we have investigated validity of Isaacson's formula by solving the Einstein equations with technique of numerical relativity. By solving the Hamiltonian constraint, we numerically constructed the initial data of the universe which contains the nonlinear standing gravitational waves in a cubic box with the periodic boundary. Then the time evolution was performed with the COSMOS code based on the BSSN formalism. In order to investigate the validity of Isaacson's formula, we calculated the relation between the effective scale factor and the Hubble parameter and compared it with Isaacson's formula. The effective scale factors are defined from the proper volume, proper area and proper length, and the Hubble parameter is defined from trace of the extrinsic curvature of the time slice. The results are summarized in Table 1 . The deviation from Isaacson's formula δ V is at most about 3% in the range of our numerical calculation given by L 1/H. Although Isaacson's formula is not guaranteed for L ∼ 1/H, this formula has still a few % accuracy. Behavior of L A0 (H), L A1 (H) and L A2 (H) are similar to that of the proper volume. While, for the effective scale factor defined by the proper length, deviation from the Isaacson's formula depends on the line position. This means that, when we use the proper length as the effective scale factor, the position dependence must be carefully treated. We also discussed the temporal average of the effective scale factor given by the proper volume, which gives a central value of the temporal oscillation of the effective scale factor. Our calculation of the temporal average suggests that the deviation of the central value from Isaccson's formula is at most ∼ 0.1% in the range of our calculation.
One might expect that, when the gravitational wavelength is much longer than the Hubble scale, our model approaches to the Kasner solution. However, in our calculation, we could not proceed time evolution beyond L ∼ 1.5/H. At this time, Hamiltonian constraint is violated, and we could not see any typical feature of the Kasner solution. Even using the finer resolution, the violation time does not change. This time t c of the constraint violation is near the big bang singularity time t 0 = 1 2α (see Eq. (34)):
Therefore, this constraint violation would be originated from the big bang singularity. We need more refined numerical method to analyze the struc-ture of the spacetime around the singularity [18] . Introducing another time coordinate, such as the e-folding number, we may investigate more details of the behavior in the early stage of the universe. We leave it as a future work.
B Isaacson's formula in Friedmann universe
Isaacson investigated the effective energy momentum tensor of low amplitude and high frequency gravitational waves [5, 6] in general background. In this appendix, we derive the effective energy-momentum tensor of low amplitude and high frequency gravitational waves in the spatially flat FLRW universe. The full metric can be written as
where a(t) is the scale factor and h ij is low amplitude and high frequency perturbation which satisfies the transverse and traceless gauge conditions:
In order to consider the low amplitude and high frequency gravitational waves, we introduce a small parameter ǫ ≪ 1 and assume the following order of perturbation: h ij ∼ A ∼ λ/l ∼ ǫ, where A is typical amplitude of gravitational waves λ is typical wavelength of gravitational waves, l is a typical scales of background Hubble scale in the present case. Then, we find ∂ k h ij ∼ ǫ 0 and ∂ l ∂ k h ij ∼ ǫ −1 . We decompose the Ricci tensor by the order of ǫ as follows:
where we assignR 
and dot denotes the time derivative. In our ordering of the perturbation, the leading order equation is given by ∂ 2 ∂t 2 h ij (t, x) + 3H
Using the WKB approximation, the solution is
where u k (t) is defined by u k (t) = e
l is the size of the comoving box and A ( k) ij is an integration constant which satisfies δ ij A ( k) ij = 0 and k i A ( k) ij = 0. In the next leading terms of the Einstein equations, we find the time evolution equation of the background. Since we are interested in the backreaction effect of h µν on the dynamics of the background metricḡ µν , we extract homogeneous and isotropic part of contribution from R µν . That is, we consider the following field equation
with the effective energy-momentum tensor is defined by
where denotes a spatial average which smoothes out the inhomogeneities and extracts the spatially homogeneous and isotropic part. The average scale is assumed to be larger than the wavelength of gravitational waves and we explicitly describe how to take this average below. First, to preserve the covariance of each variables under the spatial rotation, we impose the following property for the average for any physical quantity Q( k, k ′ ):
and
